Introduction
We denote by LG and LA the categories of Lie groupoids and Lie algebroids, respectively. There is a natural functor A : LG → LA, which maps each object G ∈ LG to the object AG ∈ LA, and every morphism of Lie groupoids φ : G 1 → G 2 is mapped to the Lie algebroid morphism Aφ : AG 1 → AG 2 . It is called the Lie functor and preserves the product bundles. Let G be a Lie groupoid over a manifold M , we denote by G (2) the set of composable groupoid pairs and we recall that, a Poisson groupoid is a pair (G; Π G ) where Π G is a Poisson structure on G which is multiplicative in the sense that the graph of the multiplication map Λ = (g, h, gh) , (g, h) ∈ G (2) is a coisotropic submanifold of G × G × G , where G means that G is equipped with the opposite Poisson structure. We say that the bivector Π G is a multiplicative bivector. On the other hand, it is well known that Lie bialgebroid is a i , π j , p i , ξ
In this paper, we study the tangent lifts of higher order of multiplicative Poisson structures, multiplicative Dirac structures and we study some properties. In particular, we describe the structures of Dirac-algebroids induced by the tangent lifts of higher order of multiplicative Dirac structures. Thus, the main results are Propositions 3, 8, Theorems 1 and 2. For the prolongations of functions, vector fields and differential forms, we adopt the same notations of [14] . More precisely, for any X ∈ X(M ) and ω ∈ Ω k (M ) we denote by X (α) and ω (α) the α-prolongations of X and ω respectively. All geometric objects and maps are assumed to be infinitely differentiable. r will be a natural integer (r ≥ 1).
Preliminaries

Some canonical transformations.
For each β ∈ {0, . . . , r}, we denote by τ β the canonical linear form on J r 0 (R, R) defined by: For each manifold M , there is a canonical diffeomorphism (see [5] , [8] )
which is an isomorphism of vector bundles from
It is called the canonical isomorphism of flow associated to the bundle functor T r . Let (x 1 , . . . , x m ) be a local coordinates system of M , we introduce a
By the same way, there is a canonical diffeomorphism (see [1] )
which is an isomorphism of vector bundles
Let (x 1 , . . . , x m ) be a local coordinates system of M , we introduce the co- We recall that in [10] , it is defined for each integer q ≥ 1, the natural transformations
such that, for each manifold M of dimension m, we have locally:
Let Π be a multivector field of degree q on M . We put
In the particular case where q = 2, and Π = Π ij ∂ ∂x i ∧ ∂ ∂x j we have:
Using the equation (1.8), we prove in [10] the following equality, for any Φ ∈ X p (M ) and Ψ ∈ X q (M ), we have: 
For some properties of the Poisson manifold (T r M, Π
M ) see [10] . however, these fundamental properties come from the formula:
where ω ∈ Ω 1 (M ) and α ∈ {0, 1, . . . , r}.
Tangent lifts of higher order of Lie algebroids.
For any vector bundle (E, M, π), we consider the natural vector bundle morphism χ
is called α-prolongation of the section u (see [5] or [16] ). We suppose that E is a Lie algebroid over M of anchor map ρ. In [10] , we have shown that: it exists one and only one Lie algebroid structure on T r E, of anchor map ρ (r) = κ r M • T r ρ such that: for any u, v ∈ Γ(E) and α, β ∈ {0, . . . , r} we have:
This Lie algebroid structure is called tangent lift of order r of Lie algebroid (E, [·, ·], ρ). For some properties of the Lie algebroid (T r E, [·, ·], ρ (r) ), see [10] . In particular for r = 1, we obtain the tangent lift of Lie algebroid (E, [·, ·], ρ) defined in [4] . For s ∈ {1, . . . , r}, we consider the natural projection π r,s
For any u ∈ Γ(E) and natural number α ≤ r, we have:
In this case, we have the following result: 
Proof. The property of compatibility of Lie bracket between Γ(T r E) and Γ(T s E) is obtained by the formula (1.12). Since, for any u ∈ Γ(E) and α ∈ {0, . . . , r},
we deduce that, the projection π r,s [12] , it is shown that, the bundle map (tangent projection) τ E : T E → E is a morphism of Lie algebroids over τ M : T M → M , therefore we have:
Corollary 1. The vector bundle projection τ r E : T r E → E is a morphism of Lie algebroids over τ
Let (E, M, π) be a vector bundle. Consider the canonical pairing E * × M E → R. Applying the tangent functor of order r and projecting onto the (r + 1)-component, we get a non degenerate pairing T r E * × T r M T r E → R. We use this pairing to define an isomorphism of vector bundles
Theorem 1. Let (E, [·, ·], ρ) be a Lie algebroid. The natural vector bundle
is an isomorphism of Lie algebroids over the canonical isomorphism I r E . Proof. As E is a Lie algebroid, it follows that E * has a Poisson structure. Therefore, the vector bundle morphism α r E * : T * T r E * → T r T * E * is an isomorphism of Lie algebroids (see [10] ). The rest of the proof comes from the commutative diagram 
r G is an isomorphism of Lie groupoids. So, it induces the isomorphism of vector bundles
such that, the following diagram commutes
In [7] , it is defined the natural isomorphism (1.14) by the replacement of tangent functor of order r, by any Weil functor.
2. 
..,n be a basis of sections of A * the local expression of Lie bracket of sections and anchor map are given by:
So, the Poisson bivector on A induced by a Lie algebroid A * is such that:
The structure of tangent lift of higher order of Lie algebroid on T r A * is given by:
). It follows that the Lie bracket of sections of (T r A) * is given by: u
The Poisson structure on T r A is such that:
A . By the following commutative diagram
we deduce that, the diagram
We deduce that the pair (T r A, (T r A) * ) is a Lie bialgebroid (see the theorem of Mackenzie and Xu in [12] ). (ii) When (g, g * ) is a Lie bialgebra then, (T r g, (T r g) * ) is a Lie bialgebra. 
Proof. The anchor maps of T r A and (T r A) * are given by: ρ
we have:
Tangent lifts of higher order of multiplicative Poisson manifolds.
Let G be a Lie groupoid over M , AG denote the Lie algebroid of Lie groupoid G and A * (G) his dual. In [12] , it is known that a bivector Π G ∈ Γ( 2 T G) is a multiplicative bivector if and only if 
We conclude that, (T (j
These results generalize the tangent lifts of higher order of multiplicative Poisson structures and multiplicative symplectic structures on the Lie groupoids.
Remark 9.
By the Corollary 4, we have the natural equivalence between the functors A • T r and T r • A.
